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ABSTRACT 
It is shown that the integration map I, associated with a closed, equicontinuous spectral measure P 
in a locally convex space X is weakly compact, if and only if, P has finite range. The proof is based on 
a mixture of techniques from vector-valued integration theory and locally convex algebras. The same 
characterization is valid if the equicontinuity requirement on P is relaxed, provided now that P is 
a-additive for the topology of uniform convergence on bounded sets in X. 
INTRODUCTION 
An important aspect of the theory of vector-valued measures is the integration 
map. Associated with each X-valued vector measure II, where X is a locally 
convex space (briefly, lcs), is its integration map Zfi : L’(p) + X given by f + 
J f dp, for every f E L’ (II). Here L1 ( ZL) is the space of all C-valued, p-integrable 
functions; it is a lcs for the mean convergence topology (see 0 1). If X is a reflexive 
Banach space, then ZP is necessarily weakly compact (briefly, w-compact). For a 
reflexive lcs this need no longer be the case in general, where now w-compactness 
is meant in the sense of Grothendieck, that is, the image of some neighbourhood 
of 0 in L’(p) is relatively w-compact. Characterizations of those integration 
maps Zfi which are w-compact are given in [7,8]. 
An important class of vector measures occurring in operator theory is the 
spectral measures. These are analogues of the resolution of the identity of a 
normal operator in Hilbert space. For such measures a complete characteriza- 
tion of the w-compactness of the integration map is available. More precisely, if 
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P is a spectral measure with values in the lcs C(X) of all continuous linear op- 
erators of the Banach space X into itself (equipped with the strong operator to- 
pology), then the integration map Ip is w-compact if and only if P assumes only 
finitely many values, [8; Proposition 3.81. The proof of this result is based on the 
fact that the only P-integrable functions are the P-essentially bounded ones. This 
is surely not the case in a general (non-normable) lcs X. Nevertheless, the aim of 
this note is to show that it is still true that Ip is w-compact, if and only if, P has 
finite range, provided that the C(X)-valued spectral measure P (with X a Its) is 
equicontinuous. Since every spectral measure in a barrelled lcs is necessarily 
equicontinuous this statement has some generality. In the final section a class of 
spectral measures is given, not necessarily equicontinuous, for which the same 
statement remains valid. 
1. PRELIMINARIES 
Let X be a Hausdorff lcs (briefly, 1cHs). Then C(X) is a 1cHs for the strong 
operator topology; it is denoted by l,(X). The identity operator in X is de- 
noted by I. Let P(X) denote the family of all continuous seminorms in X. Then 
the strong operator topology rs of L,(X) is determined by the seminorms 
{qX; q E P(X), x E X} given by qX : T --) q(Tx), for each T E L(X). 
Let T E C(X). If X E @ (the complex numbers) is such that R(X; T) = 
(XI - T)-’ exists in C(X), then R(X; T) is called the resolvent operator of T at X. 
Define R(co; T) to be the zero operator. The resolvent set of T, denoted by p(T), 
consists of those points X E C* = C u {co} for which there exists a neighbour- 
hood NX (in C*) of X such that R(.; T) is defined in Nx and {R(,u; T); p E Nx} is a 
bounded set in &(X). If L,(X) is sequentially complete, in which case X is also 
sequentially complete, then the bounded sets in C,(X) are the same as those for 
the topology Tb of bounded convergence in C(X), and so this definition of p(T) 
agrees with that of L. Waelbroeck, [13]. The complement of p(T) in @*, denoted 
by CJ( T), is called the spectrum of T. For X a Banach space, this definition agrees 
with the usual definition. 
An operator-valued measure in a lcs X is a set function P : C -+ C(X), where 
C is a a-algebra of subsets of some set $2, which is a-additive in L,(X). If the 
range P(C) = {P(E); E E C} of P, which is always a bounded subset of&(X), 
is an equicontinuous subset of C(X), then P is called equicontinuous. An op- 
erator-valued measure P : C --f L(X) which satisfies P(Q) = I and is multipli- 
cative (i.e. P(E n F) = P(E) P(F), f or all E, F E C) is called a spectral measure. 
Let P : C + L(X) be a spectral measure. A scalar-valued, C-measurable 
function f on 0 is said to be P-integrable if there exists an operator P(f) E 
L(X), also denoted by JO f dP and necessarily unique, such that f is integrable 
with respect to each scalar-valued measure (Px,x’) : E -+ (P(E)x, x’), E E C, 
where x E X and x’ E X’ (the continuous dual space of X), and 
((ifdP)x,x’)=dfd(Px,x’), XEX, x’EX’. 
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Then the operators J, f dP = P(E) P(f) = P(f) P(E), for E E 2, satisfy 
((,jfdP)x,x’) =;j’.fd(Px,x’), XE X, X’E X’. 
The vector space of all P-integrable functions on R is denoted by L’ (P). We note 
that if f,g E L’(P), then also the product fg E L’(P) and P(fg) = P(f) P(g); 
see [3; Lemma 1.31. A P-integrable function f is called P-null if P(f) = 0. Every 
continuous seminorm qx in L,(X), where q E P(X) and x E X, determines a 
seminorm q,.(P) in L’ (P) via the formula 
%z(P) :f + sup 4 { ((!fdP)+- E}> f EL’(P) 
The family of all such seminorms {q,(P); x E X, q E P(X)} makes L’ (P) a lcs. 
The associated lc-topology 7(P) is called the mean convergence topology. The 
quotient space of L’(P), modulo the space of P-null functions, is a 1cH.s; it is 
again denoted by L’(P) as no confusion will arise. The corresponding quotient 
topology is also denoted again by T(P). 
Suppose X is a lcs such that ,&(X) is sequentially complete. Let P : C -+ 
C,(X) be a spectral measure. A C-measurable function f on CZ is called P-es- 
sentially bounded if 
Ilf llp = inf{sw{lf (w)l; w E El; E E &P(E) = Z> 
is finite. The algebra of all P-essentially bounded functions is denoted by Lm (P). 
The sequential completeness of C,(X) ensures that L”(P) is a subalgebra of 
L’ (P). Since the C-simple functions are dense in L’ (P) it follows that L”(P) is a 
dense subalgebra of L’ (P). 
A spectral measure P : C + C,(X) is called a closed measure if the 1cHs 
L’(P) is r(P)-complete; this agrees with the usual definition of a closed vector 
measure (see [3; p. 1391, for example). If P is equicontinuous, then P is a closed 
measure if and only if its range P(C) is a closed subset of L,(X), [3; p. 1421. 
Every spectral measure acting in a separable Frechet lcs X is necessarily a closed 
measure. 
The following result summarizes the essential features of the lc-algebra L’ (P) 
and the associated integration map Zp; see [3; $11 and [lo]. 
Proposition 1. Let X be a 1cHs such that L,(X) is sequentially complete. Let 
P : C -+ &(X) be an equicontinuous spectral measure. 
(i) The space L’(P) is a commutative, k-algebra with unit, that is, multi- 
plication in L’(P) is separately continuous. 
(ii) For each f E L’(P), it is the case that 
dP(f )) = fl {f(E); E E t=, P(E) = Z), 
where the bar denotes closure in @*. 
(iii) Zf, in addition, P is a closed measure, then the integration map 
Zp:f -P(f)= JfdP, f EL’(P), 
n 
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is a bicontinuous isomorphism of the (r(P) -complete) k-algebra L’(P) onto the 
closed subalgebra in CJX) generated by the range of P (and equipped with the re- 
lative topology from C,(X)). 
2. THE MAIN RESULT 
The purpose of this section is to establish the result mentioned in the in- 
troduction. 
Theorem 1. Let X be a 1cHs such that C,(X), hence also X, is sequentially com- 
plete. Let P : C -+ ,C,(X) be a closed, equicontinuous spectral measure. Then the 
associated integration map Ip : L’(P) + C,(X) is w-compact, tfand only if, the 
range P(C), of P, is a finite set. 
Proof. If P(E) is a finite subset of L(X), then Ip(Ll(P)) coincides with the 
closed linear span of P(E) because C-simple functions are dense in L’(P). In 
particular, Zp(L’(P)) is finite dimensional and so Zp is w-compact. 
Conversely, assume that Ip is w-compact. Let W = Zp(L’(P)) and equip W 
with the relative topology rs from C,(X). Then W is an inverse closed subalgebra 
of C,(X), meaning if P(f) E W (where f E L’(P)) is invertible in L(X), then 
the inverse operator P(f )-’ E L(X) actually belongs to W, [lo; Lemma 31. Ac- 
cordingly, the spectrum arc of an operator T E W considered as an ele- 
ment of L,(X) coincides with its spectrum aw(T) considered as an element of 
the (complete) lc-algebra W. Here, X E C belongs to pw(T) if the inverses 
(PZ - T)-’ exist (in W) for all ,U E C in some neighbourhood NX of X and 
{(pZ - T)-‘; p E NA} is a bounded set in W. 
The w-compactness of Ip and Proposition 1 (iii) imply that W has a bounded 
(even w-compact) neighbourhood qf 0 and hence, W is normable. Since W is 
r$-complete it follows that W is a Banach space for this norm. Suppose that 
{ T,}F=, is a sequence in W such that T, + T, as n + 00, for the norm topology 
in W, which is equivalent to rJ-convergence in W. Fix S E W. Since W is a lc- 
algebra for the topology 7s the operation of multiplication is separately 7,-con- 
tinuous. That is, both ST, + ST and T,S --+ TS(= ST), as n + co, for the to- 
pology T,, and hence, also for the norm topology in W. Accordingly, W is a 
Banach space and a (unital, commutative) complex algebra for which multipli- 
cation is separately continuous. So, there exists a Banach space norm ]I 11 on W, 
equivalent to the given norm, with respect to which W is a Banach algebra. 
Fix an element T E W. Let ~II.I~ (T) denote the spectrum of T as an element of 
the Banach algebra ( W, 11 . II). Let X E pii. 11 (T). Since p11.11 (T) is an open subset of 
C there exists a closed disc NX in C, centred at X and of radius r > 0, such that 
NX & PII, 1, (T). By continuity of the resolvent map R(.; T) : p/l, 11 (T) + ( W, 11 . 11) 
the set {(pZ - T)-‘; ,LJ E NA} is norm bounded in W hence, also Ts-bounded. 
This shows that ,q.~l(T) C pw(T) and hence, aw(T)\{oo} C ~II.~I(T). Now, 
T = P(f) for some (unique) f E L’(P). It is known that f -’ ({co}) is a P-null 
set, [IO; p. 2791. Let Q; denote the equicontinuous spectral measure E + 
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P(f-l(E)), for each Bore1 subset E of @*, in which case Q;({oo}) = 0. Since 
aLCx) (T) = gW( T) coincides with the support of the measure Q;, [lo; Theorem 
11, and aw(T)\{oc} C ~II.,I (T) it follows from Qg({co}) = 0 that 00 cannot be a 
point of aw(T). So, we have established that 
In particular, a~(~) (p(f)) is a compact, hence bounded subset of C, for every 
f E L’(P). Then Proposition l(ii) implies that Loo(P) = L’ (P) as vector spaces. 
Since P : C + W may be interpreted as a Banach space-valued measure and 
has the property that the only P-integrable functions are the P-essentially boun- 
ded ones, it follows that P(C) is a finite set; see [8; Lemma 1.51, for example. q 
The proof of the above theorem raises the point of whether there actually exist 
any (non-trivial) equicontinuous spectral measures P in non-normable lc-spaces 
X with the property that L"(P) = L'(P) as vector spaces. In [5] N. Dunford 
exhibited a class of spectral measures (defined on the Bore1 sets of C) in general 
lcs with the property that L”(P) = L' (P) as vector spaces. However, in addition 
to equicontinuity of P an extra property (let us call it Property (D)) of P is as- 
sumed; see Definition 1 in Section 3 of [5]. Namely, that there exists a balanced 
convex neighbourhood UO of 0 (in X) such that, to every balanced convex 
neighbourhood U of 0 there corresponds a positive number ni and another ba- 
lanced convex neighbourhood Ui of 0 with Ui C U such that P(E) nl U1 g UO 
implies that P(E) = 0. An examination of the proofs of the results in [5] shows 
that it is this additional Property (D) which forces L"(P) = L'(P). No specific 
examples of equicontinuous spectral measures having Property (D) are given in 
[51. 
We now present two examples of (non-trivial) equicontinuous spectral meas- 
ures P in non-normable spaces X, both satisfying L"(P) = L'(P) as vector 
spaces, but only one of them having Property (D). In particular, Property (D) is 
not necessary to ensure that L"(P) = L' (P). 
Example 1. For 1 < p < CC let LP(f2) denoted the usual Banach space of meas- 
urable functions on fl = [0, l] whose p-th power is integrable with respect to 
Lebesgue measure. Let Crm denote the vector space of all sequences [ = (En):= 1 
equipped with the lc-topology determined by the seminorms 
foreachn= 1,2,. . . Then @’ is a separable, reflexive Frtchet space which is not 
normable. 
Let m > 1 be any integer and F( 1)) , J’(m) be a decomposition of N into fi- 
nitely many disjoint, non-empty sets. For each j E { 1, . . , m} define a projection 
operator Rj E ,C(C') by 
RjE= (XF(j)(n)In)TEi, E E C’ 
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Let Sj denote the Dirac point mass situated at the point j/m E [0, 11, considered 
as a measure on the Bore1 subsets C of fi, for each 1 < j < m. Then the set 
function R : C + C(U?) defined by 
R(E) = if: Sj(E)Rj, E E 22, 
j=l 
is an equicontinuous spectral measure. For each E E C define a projection 
Q(E) •C(L~(fin))by 
Q(E) :f-)xEf, fELP(Q). 
Then the set function Q : C ---t C(U’(fl)) so defined is an equicontinuous spec- 
tral measure. 
Let X = U’(0) x C’ be equipped with the product topology. Given operators 
A E L(LP(ti)) and B E C(CN), let A @ B denote the element of C(X) defined by 
(A@B)(f,E) = (Af>BO> (f,l) E X. 
Then the set function P : C --+ L(X) defined by P(E) = Q(E) @R(E), for each 
E E Z, is a spectral measure. Since X is a separable Frechet space, the lcs C,(X) 
is quasicomplete and the spectral measure P is both closed and equicontinuous. 
Clearly P(C) is an infinite set and so P is non-trivial. Moreover, P does not have 
Property (D). 
It is a general fact [4; Proposition 1.21 that a C-measurable function cp on 0 is 
P-integrable, if and only if, it is integrable with respect to each of the X-valued 
measures Px, for x E X, given by Px : E + P(E)x, E E C. By considering ele- 
ments in X of the form (f,O), with f E LY(.fl), and of the form (O,<), with 
< E C’, it follows that ‘p is P-integrable in C,(X), if and only if, ‘p is both Q-in- 
tegrable in ,&(U’(fi)) and R-integrable in C,(@), in which case 
Since Q is a spectral measure acting in a Banach space it is known that cp is Q- 
integrable in .&(U’(fi)), if and only if, cp is Q-essentially bounded. This is 
equivalent to cp being P-essentially bounded as R is supported by a finite set in 0. 
It follows that L’(P) = L”(P) as vector spaces. 
Example 2. For 1 < p < 00 let U’(rW) be the usual Banach space of measurable 
functions on the real line [w whose p-th power is integrable with respect to 
Lebesgue measure. For 1 < r < 00 let L;O,([w) denote the vector space of all 
measurable functions f on [w for which 
qn(f) = ( j! ,f(4,'dr)1" < 00, n= 1,2,... 
-n 
Then &,((w) is a separable Frechet (non-normable) lcs for the topology specified 
by the sequence of seminorms {qn},M, 1. 
For each E E C (the Bore1 c-algebra in fi = [w) define projections Q(E) E 
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fZ(U’(rW)) and R(E) E c(L&(K!)) by Q(E)f = XEA forf E Lp(rW), and R(E)h = 
xE h, for h E L&(Iw), respectively. Then the so determined set functions Q : C -+ 
C(LJ’(R)) and R : C ---f L(Ll,,(R)) are spectral measures. 
Let X = _U’([w) x L/,,([w) be equipped with the product topology. The set 
function P : C + C(X) defined by P(E) = Q(E) @ R(E), for E E C, is a spec- 
tral measure, necessarily equicontinuous and closed as X is a separable Frechet 
space. Of course, C,(X) is quasicomplete. Arguing along the lines of Example 1 
it follows that a C-measurable function cp on fl is P-integrable, if and only if, cp is 
both Q-integrable in fZ~(U’(rW)) and R-integrable in C,(Lh,([w)), in which case 
Jn cp dP = (so cp dQ) @ (s, cp dR). But, cp is Q-integrable, if and only if, cp E 
L”(Q). Since a set E E C is P-null, if and only if, it is Q-null, if and only if, it is 
null for Lebesgue measure it follows that L”(Q) = L”(R) and hence, L’(P) C 
L”(P). Since the reverse inclusion is always valid whenever &(X) is sequen- 
tially complete it follows that L”(P) = L’ (P) as vector spaces. 
To establish Property (D) let U, = 5 B x V, where B is the closed unit ball of 
LP(rW) and V is any balanced convex neighbourhood of 0 in L;O,([w), assumed 
fixed from now on. Given any balanced convex neighbourhood U of 0 in X there 
exists a > 0 and a balanced convex neighbourhood W of 0 in Li,([w) such that 
Ui = (CYB x W) C U. Let ni = l/a, in which case nl U1 = B x nl W. So, if E E 
C and P(E)n, U1 C Uo, then Q(E) B C 4 B follows and hence, ]/Q(E) I/ = 0. Then 
also P(E) = 0 in C(X). 
We conclude this section with an alternative proof of Theorem 1. It is well 
known that there is an intimate connection between integration with respect to a 
spectral measure P and the vector lattice properties of the range of 1~; see [2,4], 
for example. As in Theorem 1, assume that X is a 1cHs with L,(X) sequentially 
complete, and P : C --f C,(X) is a closed equicontinuous spectral measure. Then 
the range of the integration map Z,, equipped with the relative topology from 
C,(X), has the structure of an f-algebra which is locally convex, locally solid, 
and has a complete topology (this was pointed out, and used, in [2,4]). Accord- 
ingly, Theorem 1 also follows from the following general result, due to Ben de 
Pagter. 
Proposition 2. Let A be an f-algebra (real or complex) with unit element e, and 
suppose that A is equipped with a complete, locally convex, locally solid Hausdorff 
topology r. If A admits a w-compact neighbourhood of zero, then A is$nite di- 
mensional. 
Proof. Let Q be a collection of lattice seminorms of A generating the topology 7. 
From the hypotheses it follows that there exists qo E Q such that D = 
{a E A; qo(a) < 1) is w-compact. In particular, D is T-bounded and hence, for 
every q E Q, there exists C > 0 such that q(a) < Cqo(a), for all a E A. So, qo is a 
norm generating T. This shows that (A, qo) is a Banach lattice and 7 is the norm 
topology. The w-compactness of D implies that (A, qo) is reflexive. 
Since A is an f-algebra, for each a E A the map na : A + A defined by 
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rrIT,(u) = au, for u E d, is an orthomorphism. Since an orthomorphism on a 
Banach lattice belongs to the centre (c.f. [6; Theorem 3.1.121 or [14; Corollary 
144.31) it follows, for each a E A, that there exists a number X > 0 such that 
Ial < Xe. Th’ is s h ows that the unit element e is also a strong order unit. Accord- 
ingly, we can define the e-uniform norm (1 . lie in A by 
]]alle = inf{X > 0; ]a] < xe}, a E A. 
Then (A, II . II,) is a Banach lattice and an M-space, [6; Propositions 1.1.8 and 
1.2.131. Hence, the norms qo and II . lie are equivalent, [l; Corollary 12.41. By the 
representation theorem for M-spaces, [6; Theorem 2.1.31, the space (A, )/ . II,) is 
isometrically isomorphic to (C(K), )I . II,) f or some compact Hausdorff space K. 
The reflexivity of (A, II . II,) together with its identification as a C(K)-space im- 
ply that A is finite dimensional. •I 
3. NON-EQUICONTINUOUS SPECTRAL MEASURES 
Parts (ii) and (iii) of Proposition 1 rely on the fact that the spectral measure P 
is equicontinuous. Indeed, there exist closed spectral measures P : C + ,&(A’) 
such that the associated integration map Ip : L’ (P) + C,(X) is a vector space, 
multiplicative isomorphism of L’(P) onto its range in L,(X) and Ip is con- 
tinuous, but its inverse map IF’ is not continuous; see Proposition 3 and the 
Remarks following it in [ 121. 
In this section we present a result which characterizes the w-compactness of Zp 
for a class of spectral measure P which need not be equicontinuous. First, some 
further notation is needed. 
Let X be a lcs. The space C(X) equipped with the topology Tb of uniform 
convergence on bounded sets in X is denoted by Lb(X). This topology is de- 
termined by the family of seminorms 
qE : T + sup{q(Tx);x E B}, T E C(X), 
where B is any bounded subset of X and q E P(X). The spectrum ah(T) of T E 
l(X), considered as an element of the lc-algebra Lb(X), is defined as for the case 
of C,(X) given in $1, except now the set {R(,u; T); /I E Nx} is assumed to be a 
bounded subset of Lb(X). If X is sequentially complete, then the bounded sets of 
Lb(X) and fw-) coincide and so oh(T) = o(T). 
A spectral measure P : C -+ _&(X), henceforth also denoted by P,, is called 
boundedly cr-additive [ll], in which case it is denoted by Pb, if it is g-additive 
when considered as taking its values in &(X). If X is a Banach space, then 7-6 is 
the operator-norm topology on ,C(X), and so P is boundedly a-additive if and 
only if P(C) is a finite set. For a non-normable lcs X this need not be so; several 
non-trivial examples are given in [ll]. The essential features of boundedly a-ad- 
ditive spectral measures are summarized in the following result. 
Proposition 3. Let X be a IcHs such that C,(X) is sequentially complete. Let 
P : C -+ C,(X) be a spectral measure which is boundedly o-additive. 
(i) Both X and Ct,(X) are also sequentially complete. 
(ii) The measure P, is closed tf and only tf Pt, is closed. 
(iii) It is the case that L’ (P) = L’ (P t, as vector spaces and rS(PS) is a weaker ) 
tOpOlOgJ’ than Tb (Pb). 
(iv) With respect to pointwise multiplication, L’ (Pb) is a unital, commutative lc- 
algebra. It is complete, tfand only if, Pb is a closed measure. 
(v) The range of Zr* is an inverse closed subalgebra Of Lb(x). 
(vi) Zf Pb is a closed measure, then the integration map 
is a bicontinuous isomorphism of the lc-algebra L’ (Pb) onto the closed operator al- 
gebra in lb(X) generated by P(C). 
(vii) IfX has the property that the closed, convex, balanced hull of each compact 
set is again compact (e.g. X quasicomplete sufices), then for each f E L’(Pt,), it is 
the case that 
ob(Pb(f )) = n {f(E); E E 2, P(E) = Z), 
where the bar denotes closure in c*. Zf T = Pb(f ), for some (fixed) f E L’(Pb), 
and Qg is the spectral measure defined by F + P( f -’ (F)), for each Bore1 set F C 
c”, then ob( T) coincides with the support s( Q:) of the measure Q& 
Proof. (i) is Lemma 2.3 of [II] and (ii) is Theorem 6.2 of [ll]. The equality 
L’ (P,) = L’ (Pt,) as vector spaces is Theorem 4.1 of [ 111. Since T$ is a weaker to- 
pology in C(X) than 76 it follows from the definition of the mean convergence 
topology that the topology of L’(P,) is weaker than that of L’(Pb). This estab- 
lishes (iii). 
(iv) is the statement of Corollary 4.1.2 in [ll]. 
(v) Let T = Pb(f) be invertible in Lb(X), where f E L’(Pb). By (iii) also T = 
PS(f) and so [lo; Lemma 31 implies that l/f E L’(P,) and T-’ = P,(l/f), after 
noting that the spectral measure P in Lemma 3 of [lo] is not required to be 
equicontinuous. Then by (iii) again l/f E L’ (Pb) and so T-’ belongs to the 
range of ZP~. 
(vi) is Theorem.51 of [ll]. 
(vii) By (i) X is sequentially complete and so at,(T) = o(T), for any T E 
C(X). Since L’(P) = L’(P ) b as vector spaces it suffices to prove that 
o(P(f )) = n {f(E); E E C, P(E) = Z) 
and o(P,(f )) = s(Q$(~,), for any f E L’(P,). An examination of the proof of 
Theorem 1 in [lo], which is purely measure theoretic in nature, does not require 
the equicontinuity of P or the uniqueness of the measure Q;$(,-,, but simply that 
Qi,,, is a spectral measure on the Bore1 subsets of @* with the property that 
Qi,,,({oo}) = 0 and P(f) = SC* zdQi(fj(z). The assumptions on the lcs X are 
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needed to be able to invoke the theory of vector-valued holomorphic functions 
which is used in the proof of Theorem 1 in [lo]. This establishes (vii). q 
In the following result, the spectral measure P is not assumed to be equi- 
continuous. 
Theorem 2. Let X be a quasicomplete IcHs such that C,(X) is sequentially com- 
plete. Let P : C + L,(X) be a closed spectral measure which is boundedly a-ad- 
ditive. Then the integration map ZP, : L’(e) --) L,(X) is w-compact ifand only if 
the range P(E), of P, is afinite set. 
Proof. As in Theorem 1 the finiteness of P(C) implies the w-compactness of Z,. 
Conversely, suppose that Zp, is w-compact. Then there exists a neighbourhood 
V of 0 in L’ (PS) such that Zp, (V) is relatively w-compact in C,(X) and hence, also 
bounded in ,&(X). Since X is surely sequentially complete the set Ze( V) is also 
bounded in &(X). Moreover, since L’(e) = L’ (Pb) as vector spaces (c.f. Prop- 
osition 3(iii)) it follows that ZP~ (V) = ZP, ( I’) and so Zpb ( I’) is a bounded subset of 
&,(X). Now, by Proposition 3(iii) I’ is also a -r(Pb)-neighbourhood of 0 in 
L’ (Pb), which is mapped by Zpb onto the bounded set Zpb ( V) in Lb(X). The 
closedness of P, implies the closedness of Pb (c.f. Proposition 3(ii)) and hence, the 
integration map Zpb is a bicontinuous isomorphism of L’(Pb) onto its range in 
Lb(X); see Proposition 3(vi). So, if W = Zp,,(Ll (Pb)) is equipped with the relative 
topology Tb from Lb(X), then W is normable (as ZP~( V) is a bounded neigh- 
bourhood of 0 in W). The sequential completeness of Lb(X) - see Proposition 
3(i) - implies that W is actually a Banach space. 
Arguing as in the proof of Theorem 1 (using Proposition 3(v)) it follows, for 
any T E W, that the spectrum gch(x) (T) = CF~~(~)(T) coincides with aw(T) 
computed relative to the (complete) lc-algebra (W, ‘Q). Again arguing as in the 
proof of Theorem 1 it follows that there exists a Banach algebra norm ]I . 11 on W 
such that /I . 11 an rb induce equivalent lc-topologies on W. Using Proposition d 
3(vii) it is now possible to argue (once again) as in the proof of Theorem 1 to 
show that L”(P) = L’(P b ) as vector spaces, from which it follows (c.f. proof of 
Theorem 1) that Pb(c) = P(C) is a finite set. 0 
We now exhibit a class of examples of spectral measures P satisfying the 
hypotheses of Theorem 2, which are not equicontinuous in general. 
Let Y be a separable, reflexive Frechet space and X = Y, be the space Y 
equipped with its weak topology a( Y, Y’). Let P : C + C,(X) be any spectral 
measure. Since Y is a Mackey space a linear map from Y to Y is continuous if, 
and only if, it is continuous from Y, to Y,. Accordingly, P is also a spectral 
measure if interpreted as taking its values in .L,( Y); denote it by PY in this case. 
As an ,C,( Y)-valued measure Py is necessarily a closed measure (as Y is a sep- 
arable Frechet space). By Example 3.5 in [ll] the measure P : C + &(X) is 
boundedly o-additive and, by [ll; Lemma 2.41, all three spaces X, &(X) and 
Lb(X) are quasicomplete. Moreover, the closedness of PY in .C,( Y) implies the 
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closedness of P, in L,(X), by [ll; Proposition 6.51, which in turn implies the 
closedness of Pb in Lb(X); see PrOpOSitiOn 3(ii). Accordingly, any SpeCtrd 
measure P : C + L,( Y,), with Y a separable, reflexive Frechet space, satisfies 
the hypotheses of Theorem 2. 
Theorem 3. Let X be a separable, reflexive FrPchet space. Let X, denote X equip- 
ped with its weak topology o(X, X’). 
(i) As vector spaces, L(XO) = L(X). Moreover, a setfunction P : C --f L(X) is 
an L,(X)-valued spectral measure, if and only if, it is an L,( X,)-valued spectral 
measure, in which case it is denoted by PW 
(ii) Let P : C + L(X) be a spectral measure. The following statements are 
equivalent. 
(a) The integration map Ip : L1(P) -+ C,(X) is w-compact. 
(b) The integration map IP, : L’(P,) + CS(Xn) is w-compact. 
(c) The range P(C), of P, is afinite set. 
If X is actually a Banach space, then (a)-(c) are equivalent to; 
(d) P(C) is an equicontinuous subset of L( X0). 
Proof. (i) The equality L(X) = C(XO) follows as X is a Mackey space. That 
P : C + L,(X) is a-additive, if and only if, PO : C + CS(XC) is g-additive follows 
from the Orlicz-Pettis lemma, the equality C(X) = C(XC) as vector spaces and 
the observation that the topology 7s on C(XC) is simply the weak operator to- 
pology in L(X). 
(ii) The implication (a) e (c) follows from Theorem 1 and (b) H (c) follows 
from Theorem 2 and the discussion following Theorem 2. Clearly (c) + (d). The 
final implication (d) + (c) is the content of [9; Proposition 4(ii)]. q 
The equivalence of (a)-(c) with one another in Theorem 3(ii) can also be ar- 
gued slightly differently. By Theorem 1, (a) =+ (c) and clearly (c) + (b). Now, any 
neighbourhood of 0 in L’ (PV) is also a neighbourhood of 0 in L’ (P); this follows 
from the equality X = X, as sets, the inclusion P(XO) C P(X) and the definition 
of the mean convergence topology. Moreover, since the topology rS on C(XO) is 
simply the weak operator topology (= weak topology) in C,(X), it follows that 
L,(X) and CS(Xg) have the same weakly compact sets. These two observations 
imply that (b) + (a). 
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